Completing partial commutative quasigroups constructed from partial Steiner triple systems is NP-complete  by Bryant, Darryn
Discrete Mathematics 309 (2009) 4700–4704
Contents lists available at ScienceDirect
Discrete Mathematics
journal homepage: www.elsevier.com/locate/disc
Completing partial commutative quasigroups constructed from partial
Steiner triple systems is NP-complete
Darryn Bryant
Department of Mathematics, University of Queensland, Qld 4072, Australia
a r t i c l e i n f o
Article history:
Received 19 December 2006
Accepted 28 May 2008
Available online 9 July 2008
Keywords:
Partial Steiner triple system
Commutative quasigroup
Triple system
Quasigroup
a b s t r a c t
Decidingwhether an arbitrary partial commutative quasigroup can be completed is known
to be NP-complete. Here, we prove that it remains NP-complete even if the partial
quasigroup is constructed, in the standard way, from a partial Steiner triple system. This
answers a question raised by Rosa in [A. Rosa, On a class of completable partial edge-
colourings, Discrete Appl. Math. 35 (1992) 293–299]. To obtain this result, we prove
necessary and sufficient conditions for the existence of a partial Steiner triple system of
odd order having a leave L such that E(L) = E(G)where G is any given graph.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
A partial binary operation ∗ on a set V is defined to be a function f : S 7→ V where S ⊆ V × V and f ((a, b)) is denoted by
a ∗ b; if S = V × V , then we have a binary operation. A (partial) quasigroup is a pair (V , ∗)where V is a set and ∗ is a (partial)
binary operation on V such that for all a, b ∈ V , the equations a ∗ x = b and x ∗ a = b each have at most one solution in
(V , ∗). It follows that in any finite quasigroup, these equations each have exactly one solution.
A partial quasigroup is commutative if a ∗ b = c implies b ∗ a = c , a partial quasigroup is totally symmetric if a ∗ b = c
implies b ∗ a = c , a ∗ c = b, c ∗ a = b, b ∗ c = a and c ∗ b = a, and a partial quasigroup is idempotent if a ∗ a = a for all
a ∈ V .
A partial Steiner triple system of order v is a pair (V , B) where V is a v-set and B is a set of 3-element subsets of V , called
triples, such that every 2-element subset of V is a subset of at most one triple. The underlying graph G of a partial Steiner
triple system (V , B) is the graph with vertex set V and edge set given by xy ∈ E(G) if and only if the pair {x, y} occurs in
some triple of B. The leave of a partial Steiner triple system is the complement of its underlying graph. A partial Steiner triple
system whose underlying graph is complete is a Steiner triple system.
There is a standard method of defining a binary operation on the underlying set of a partial Steiner triple system.
Definition. Let (V , B) be a partial Steiner triple system. The partial quasigroup constructed from (V , B) is defined by letting
a ∗ b = c , b ∗ a = c , a ∗ c = b, c ∗ a = b, b ∗ c = a and c ∗ b = a if and only if {a, b, c} ∈ B.
This definition gives rise to the well-known correspondence between Steiner triple systems and idempotent totally
symmetric quasigroups (also known as Steiner quasigroups). If one takes the partial quasigroup constructed from a Steiner
triple system and defines a ∗ a = a for all a ∈ V , then an idempotent totally symmetric quasigroup results. The completion
of partial quasigroups constructed from partial Steiner triple systems has been investigated by Hilton and Rodger [5] and
Rosa [7].
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Colbourn has shown that it is NP-complete to decide whether a partial quasigroup can be completed [4], and that it is
NP-complete to decide whether a partial commutative quasigroup can be completed to a commutative quasigroup [3]. He
also showed that it is NP-complete to decide whether a partial Steiner triple system can be completed to a Steiner triple
system. It follows from this result that it is also NP-complete to decide whether a partial totally symmetric quasigroup
can be completed to a totally symmetric quasigroup; the partial totally symmetric quasigroup (V , ∗) constructed from an
arbitrary partial Steiner triple system and with a ∗ a = a for all a ∈ V can be completed to a totally symmetric quasigroup
if and only if the partial Steiner triple system can be completed to a Steiner triple system.
However, these results do not answer the question of whether completing partial quasigroups constructed from partial
Steiner triple systems to totally symmetric quasigroups (which are not necessarily idempotent) is NP-complete. Here, we
show that it is indeedNP-complete.Moreover,we show that completing partial quasigroups constructed frompartial Steiner
triple systems to commutative quasigroups is NP-complete. In [7], Rosa suggests it is likely that the problem of completing
partial totally symmetric quasigroups to commutative quasigroups is NP-complete. The results of this paper show that
this is indeed the case. To obtain our results, we first need some results on partial Steiner triple systems which we prove
in Section 2.
2. Leaves of partial Steiner triple systems
We will use the following notation. The complete graph with vertex set S is denoted by KS and the complete bipartite
graph with vertex partition {R, S} is denoted by KR,S . The complement of a graph G is denoted by Gc . For graphs G and H ,
G ∪ H is the graph with vertex set V (G) ∪ V (H) and edge set E(G) ∪ E(H). For vertex disjoint graphs G and H , G ∨ H is the
graph with vertex set V (G) ∪ V (H) and edge set E(G) ∪ E(H) ∪ E(KV (G),V (H)). For a graph G with subgraph H , G − H is the
graph with vertex set V (G) and edge set E(G) \ E(H). We define (G) = |E(G)|.
We will need the following two lemmas. The first was proven in [2]. The second is very similar, but not quite identical,
to results appearing in [1,2].
Lemma 1 ([2]). Let (V , B0) be a partial Steiner triple system with leave H0 and let {U,W } be a partition of V . Then there exists
a partial Steiner triple system (V , B) with leave H such that
• (H) = (H0) and hence |B| = |B0|;
• if x, y, z ∈ U and {x, y, z} ∈ B0, then {x, y, z} ∈ B;
• for all x, y ∈ U, xy ∈ E(H) if and only if xy ∈ E(H0);
• for all x ∈ U, degH(x) = degH0(x); and• for all x, y ∈ W, | degH(x)− degH(y)| ≤ 2.
Lemma 2. Let u andw be integers withw ≤ u and let t = u− w + 1. Let U, W and T be disjoint sets with |U| = u, |W | = w
and |T | = t, and let X be a bipartite graph having bipartition {U,W } such that
• degX (x) = t for all x ∈ W;• degX (x) ≡ t (mod 2) for all x ∈ U; and• degX (x) ≤ t for all x ∈ U.
Then there exists a partial Steiner triple system with underlying graph X ∨ KT .
Proof. The proof is by induction on t . If t = 1, then u = w, X is 1-regular, and clearly there is a partial Steiner triple system
with underlying graph X ∨ KT . So let t ≥ 2 and assume that the result holds for t ′ = t − 1. Since X is bipartite and its
vertices have degree at most t , X has a proper edge colouring γ with colour set T . Arbitrarily select an element β ∈ T and
let B1 = {{β, x, y} : xy ∈ E(X), γ (xy) = β}.
Let X ′ be the graph obtained from X by adding the vertex β , removing the edges coloured β , and adding a new edge xβ
for each vertex x ∈ U ∪ W which is not incident with an edge of colour β . Since degX (x) = t for all x ∈ W , in X ′ there is
no edge joining β to any x ∈ W . Note that X ′ is the graph obtained from X ∨ K{β} by removing the edges of the underlying
graph of the partial Steiner triple system induced by B1.
Wewill use the inductive hypothesis to show that there is a partial Steiner triple system (U∪W ∪T , B2)with underlying
graphX ′∨KT\{β}, but firstweneed to check thatX ′∨KT\{β} satisfies the relevant conditions. ClearlyX ′ is a bipartite graphwith
bipartition {U,W ∪{β}}. Now, note that if x ∈ V (X) and x is incident with an edge of colour β , then degX ′(x) = degX (x)−1.
Also note that if x ∈ V (X) and x is not incident with an edge of colour β , then degX ′(x) = degX (x) + 1. Hence it is clear
that degX ′(x) ≡ t − 1 (mod 2) for all x ∈ V (X) and that degX ′(x) = t − 1 for all x ∈ W . Now consider a vertex x ∈ U . If
x ∈ U and degX (x) = t , then x is incident with an edge of colour β and so degX ′(x) = t − 1. If x ∈ U and degX (x) < t ,
then degX (x) ≤ t − 2 (since the vertices in X all have the same parity) and it follows that degX ′(x) ≤ t − 1. Finally,
degX ′(β) = u+w− 2w = t − 1. Hence, by the inductive hypothesis there is a partial Steiner triple system (U ∪W ∪ T , B2)
with underlying graph X ′ ∨ KT\{β}, and (U ∪W ∪ T , B1 ∪ B2) is thus a partial Steiner triple system with underlying graph
X ∪ KT . 
We are now ready to prove the main result of this section.
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Theorem 1. Let G be any graph. There exists a partial Steiner triple system of odd order with leave L such that E(L) = E(G) if
and only if G is an even graph and (G) ≡ 0, 1 (mod 3).
Proof. First suppose that there exists a partial Steiner triple system (V , B) of odd order with leave L such that E(L) = E(G).
It is clear that G is an even graph. The number of edges in G is given by (G) =
(
|V |
2
)
− 3|B| and so since ( v2 ) ≡ 0, 1 (mod 3)
for any positive integer v, it follows that (G) ≡ 0, 1 (mod 3).
Now conversely suppose that G is an even graph and (G) ≡ 0, 1 (mod 3). We need to construct a partial Steiner triple
system (V , B) of odd order with leave L such that E(L) = E(G).
Let s be the smallest integer such that s ≥ |V (G)| and
• s ≡ 1, 3 (mod 6) if (G) ≡ 0 (mod 3), and
• s ≡ 5 (mod 6) if (G) ≡ 1 (mod 3).
Note that
( s
2
) − (G) ≡ 0 (mod 3). Let S be an s-set with V (G) ⊆ S, let R be an (s + 1)-set with R ∩ S = ∅ and let
U = S ∪ R. Give KR a proper edge colouring τ with colour set S and let B1 be the set of triples given by
B1 = {{x, y, τ (xy)} : x, y ∈ R, x 6= y}.
So (U, B1) is a partial Steiner triple system of order 2s+ 1 with leave KS ∪ K cR .
Let M = (KS ∪ K cR ) − G. Note that (M) ≡ 0 (mod 3) and that for all x ∈ U , degM(x) ≤ s − 1 and degM(x) is even. We
will use a method which is similar to that developed in [1] for embedding a partial Steiner triple system with leave M in a
Steiner triple system of order 2(2s + 1) + 1. Although M is not necessarily the leave of a partial Steiner triple system, the
method still works.
LetW = {w1, w2, . . . , ws} with U ∩W = ∅, and let γ be a proper edge colouring of M with colour setW (γ exists by
Vizing’s Theorem [8]). Let B2 be the set of triples given by
B2 = {{x, y, γ (xy)} : xy ∈ E(M)}
and let (W , B3) be a partial Steiner triple system of order swith |B3| = 13(M). It is easy to see that (W , B3) exists. The only
possible concern is that (M) >
( s
2
)− 4 and s ≡ 5 (mod 6). But (M) > ( s2 )− 4 implies (G) < 4, which in turn implies
(G) = 0 or 3 so that s ≡ 1, 3 (mod 6). Let N be the leave of (W , B3). Note that (N) =
( s
2
)− 3|B3| = ( s2 )− (M) = (G).
Clearly degN(x) < s for all x ∈ W and so by Vizing’s Theorem [8] there exists a proper edge colouring ρ of N with colour set
R. Let B4 be the set of triples given by
B4 = {{x, y, ρ(xy)} : xy ∈ E(N)}.
It is clear that (U ∪W , B1 ∪ B2 ∪ B3 ∪ B4) is a partial Steiner triple system. Let B0 = B1 ∪ B2 ∪ B3 ∪ B4 and let H0 be the
leave of (U ∪W , B0). We note the following properties of (U ∪W , B0).
• For all x, y ∈ U , xy ∈ E(H0) if and only if xy ∈ E(G).
• For all x, y ∈ W , xy 6∈ E(H0).
• The number of edges in H0 is given by
(H0) =
(
3s+ 1
2
)
− 3(|B1| + |B2| + |B3| + |B4|)
=
(
3s+ 1
2
)
− 3
(
(KR)+ (M)+ 13(M)+ (N)
)
=
(
3s+ 1
2
)
− 3
((
s+ 1
2
)
+
(( s
2
)
− (G)
)
+ 1
3
(( s
2
)
− (G)
)
+ (G)
)
=
(
3s+ 1
2
)
− 3
((
s+ 1
2
)
+ 4
3
( s
2
)
− 1
3
(G)
)
=
(
3s+ 1
2
)
− 3
(
s+ 1
2
)
− 4
( s
2
)
+ (G)
= s(s+ 2)+ (G).
Now, by Lemma 1 there exists a partial Steiner triple system (U ∪ W , A) with leave H such that the following four
conditions hold.
• (H) = (H0) = s(s+ 2)+ (G).
• For all x, y ∈ U , xy ∈ E(H) if and only if xy ∈ E(H0). That is, for all x, y ∈ U , xy ∈ E(H) if and only if xy ∈ E(G).
• For all x ∈ U , degH(x) = degH0(x).• For all x, y ∈ W , | degH(x)− degH(y)| ≤ 2.
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Weobserve that like inH0, no two vertices ofW are adjacent inH . This follows immediately from the first three conditions
in the above list (and the fact that no two vertices ofW are adjacent in H0).
Let X = H − G, let t = s + 2, and let T be a t-set with T ∩ U = T ∩W = ∅. We claim that X satisfies the conditions of
Lemma 2 with u = |U| = 2s + 1 and w = |W | = s. Clearly X is bipartite with bipartition {U,W }. A vertex x ∈ U which
occurs in no triples of B2 and in no triples of B4 is adjacent in X to every vertex ofW . Since the triples of B2 have one vertex in
W and the triples of B4 have two vertices inW , it follows that for all x ∈ U , degX (x) = s− r2(x)−2r4(x)where r2(x) denotes
the number of triples in B2 that contain x and r4(x) denotes the number of triples in B4 that contain x. Since s is odd and
r2(x) = degM(x) is (as noted earlier) even, it follows that for all x ∈ U , degX (x) is odd and at most s. Since t = s+ 2 is also
odd, it remains only to check that degX (x) = s+ 2 for all x ∈ W . But from the properties of H we have (X) = s(s+ 2) and|degX (x)−degX (y)| ≤ 2 for all x, y ∈ W . Hence, since |W | = s, it follows that degX (x) = s+2 for all x ∈ W . So by Lemma 2,
there exists a partial Steiner triple system (U ∪W ∪ T , B′)with underlying graph X ∨ KT . Hence, if we let V = U ∪W ∪ T
and B = A ∪ B′, then (V , B) is the required partial Steiner triple system with leave L such that E(L) = E(G). 
3. NP-completeness results
Theorem 2. Deciding whether a partial quasigroup constructed from a partial Steiner triple system can be completed to a
commutative quasigroup is NP-complete.
Proof. Let H be an arbitrary cubic graph of order w ≡ 0 (mod 6) with V (H) = C = {c1, c2, . . . , cw}. Also, let
A = {a1, a2, a3}, let B = {b1, b2, b3} such that A, B and C are disjoint sets, and let G = (a1, b2, a3, b1, a2, b3) ∪ KB,C ∪ H
where (a1, b2, a3, b1, a2, b3) denotes the 6-cycle with edges a1b2, b2a3, a3b1, b1a2, a2b3 and b3a1.
It is straightforward to verify that G satisfies the conditions of Theorem 1. Thus, there exists a partial Steiner triple system
(V , B)with leave consisting of G and v− u isolated vertices where v = |V | is odd. We will show that the partial quasigroup
constructed from (V , B) can be completed to a commutative quasigroup if and only if H has a proper edge colouring with
three colours.
Firstly, suppose that H has a proper edge colouring with three colours and let γ be such a colouring with colours b1, b2
and b3. If we let
B′ = B ∪ {{γ (xy), x, y} : xy ∈ E(H)}
then (V , B′) is a partial Steiner triple system with leave consisting of the 6-cycle (a1, b2, a3, b1, a2, b3) and v − 6 isolated
vertices. A completion of the partial quasigroup constructed from (V , B) to a commutative (indeed to a totally symmetric)
quasigroup is obtained by taking the partial quasigroup constructed from (V , B′) and defining a1 ∗ a1 = b2, b2 ∗ b2 = a3,
a3 ∗ a3 = b1, b1 ∗ b1 = a2, a2 ∗ a2 = b3, b3 ∗ b3 = a1, and x ∗ x = x for all x ∈ C .
Conversely, suppose that the partial quasigroup constructed from (V , B) can be completed to a commutative quasigroup
(V , ∗). We will show that the function f defined on E(H) by f (cicj) = ci ∗ cj is a proper 3-edge colouring of H with colour
set B. We observe that if xy ∈ E(G) and x ∗ y = z then either z ∈ {x, y} or there is a triangle in G on the vertices x, y and z.
We show first that for each i ∈ {1, 2, . . . , w}, b1 ∗ ci ∈ C . Suppose that for some i ∈ {1, 2, . . . , w}, b1 ∗ ci 6∈ C . Since in G
every common neighbour of b1 and ci is in C , we have b1 ∗ ci = b1. Now, since b1 and a2 have no common neighbour in G,
we have either b1 ∗ a2 = b1 or b1 ∗ a2 = a2. Thus, since b1 ∗ ci = b1, we have the latter. Similarly, we have b1 ∗ a3 = a3. But
then, in order that a2 ∗ x = b1 and a3 ∗ x = b1 have solutions, we need to have both a2 ∗ a2 = b1 and a3 ∗ a3 = b1. Since |V |
is odd, this is not possible (because in any commutative quasigroup (V , ◦) of odd order we have {x◦ x : x ∈ V } = V ). Hence,
for i = 1, 2, . . . , w, we have b1 ∗ ci ∈ C . By similar arguments, for i = 1, 2, . . . , w we also have b2 ∗ ci ∈ C and b3 ∗ ci ∈ C .
Now, consider thew equations x1 ∗ c1 = b1, x2 ∗ c2 = b1, . . . , xw ∗ cw = b1. Since we have just seen that bj ∗ ci ∈ C for
i ∈ {1, 2, . . . , w} and j ∈ {1, 2, 3}, it follows that x1, x2, . . . , xw ∈ C . Moreover, at most one of these equations has solution
xi = ci (since {x∗x : x ∈ V } = V ). Hence each of at leastw−1 of these equations has a solution xiwhere xici ∈ E(H). Butw is
even and (V , ∗) is a commutative quasigroup, so in fact allw equations have a solution xi = cj where cicj ∈ E(H). It follows
that M1 = {cicj ∈ E(H) : ci ∗ cj = b1} is a perfect matching in H . By similar arguments, M2 = {cicj ∈ E(H) : ci ∗ cj = b2}
andM3 = {cicj ∈ E(H) : ci ∗ cj = b3} are also perfect matchings in H , and moreoverM1,M2 andM3 pairwise disjoint. Hence
f (cicj) = ci ∗ cj is a proper edge colouring of H with colour set B.
Wehave shown that the partial totally symmetric quasigroup corresponding to (V , B) can be completed to a commutative
quasigroup if and only if H has a proper edge colouring with three colours. Hence, the result follows since deciding whether
an arbitrary cubic graph has a proper edge colouring with three colours is known to be NP-complete [6]. 
It isworth noting that if (in the proof of Theorem2)wedefineG = KB,C∪H , instead ofG = (a1, b2, a3, b1, a2, b3)∪KB,C∪H ,
then we obtain a partial Steiner triple system that can be completed to a Steiner triple system if and only if H has a proper
edge colouring with three colours. Partial Steiner triple systems with leaves of this form were used by Colbourn [3] to
prove that it is NP-complete to decide whether a partial Steiner triple system can be completed to a Steiner triple system.
The existence of the 6-cycle (a1, b2, a3, b1, a2, b3) in the leave is necessary to ensure that there is no completion of the
constructed quasigroup to a commutative quasigroupwhenH has no proper edge colouringwith three colours. For example,
it is an easy exercise to show that the quasigroup constructed from a partial Steiner triple system with leave KB,V (P) ∪ P ,
where P is the Petersen graph and B is a 3-set disjoint from V (P), can be completed to a totally symmetric quasigroup.
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Since the partial quasigroup constructed from a partial Steiner triple system is totally symmetric, we also have the
following result which answers the question raised by Rosa in [7].
Theorem 3. Deciding whether a partial totally symmetric quasigroup can be completed to a commutative quasigroup is NP-
complete.
In the proof of Theorem 2, the partial quasigroup corresponding to (V , B) can be completed to a totally symmetric
quasigroup (rather than just a commutative quasigroup) if and only if H has a proper edge colouring with three colours.
Thus, we also have the following result.
Theorem 4. Deciding whether a partial quasigroup constructed from a partial Steiner triple system can be completed to a totally
symmetric quasigroup is NP-complete.
Acknowledgement
This research was supported by the Australian Research Council.
References
[1] L.D. Andersen, A.J.W. Hilton, E. Mendelsohn, Embedding partial Steiner triple systems, Proc. London Math. Soc. 3 (41) (1980) 557–576.
[2] D. Bryant, Embeddings of partial Steiner triple systems, J. Combin. Theory Ser. A 106 (2004) 77–108.
[3] C.J. Colbourn, Embedding partial Steiner triple systems is NP-complete, J. Combin. Theory Ser. A 35 (1983) 100–105.
[4] C.J. Colbourn, The complexity of completing partial Latin squares, Discrete Appl. Math. 8 (1984) 25–30.
[5] A.J.W. Hilton, C.A. Rodger, Graphs and Configurations, Régards sur la Théorie des Graphes, Presses Polytechn. Romandes, 1980, pp. 55–64.
[6] I. Holyer, The NP-completeness of edge-coloring, SIAM J. Comput. 10 (1981) 718–720.
[7] A. Rosa, On a class of completable partial edge-colourings, Discrete Appl. Math. 35 (1992) 293–299.
[8] V.G. Vizing, On an estimate of the chromatic class of a p-graph, Diskret Anal. 3 (1964) 25–30 (in Russian).
